Through a suitable expansion of the Gross-Pitaevskii equation near the classical turning point, we obtain an explicit solution for the order parameter at the boundary of a trapped Bose gas interacting with repulsive forces. The kinetic energy of the system, in terms of the classical radius R and of the harmonic oscillator length a HO , follows the law E kin /N ∝ R −2 [log(R/a HO ) + const.], approaching, for large R, the results obtained by solving numerically the Gross-Pitaevskii equation. The occurrence of a Josephson-type current in the presence of a double trap potential is finally discussed.
The recent experimental realization of Bose-Einstein condensation in atomic gases confined in magnetic traps [1] [2] [3] is stimulating a novel interest in the study of inhomogeneous Bose condensed systems where the order parameter exhibits an important spatial dependence on a macroscopic scale [4] .
The purpose of the present work is to investigate the behavior of the wave function of the condensate near the classical turning point, that is, at the boundary of the trapped gas.
This region is particularly important for the determination of the kinetic energy associated with the atoms of the condensate [5, 6] . It is also crucial for the description of Josephson-type effects taking place in the presence of a barrier in the confining potential.
The order parameter ψ(r) associated with the ground state of a dilute Bose gas obeys the Gross-Pitaevskii equation:
where V ext is the external confining potential, µ is the chemical potential and a is the swave scattering length. The condensate wave function ψ(r) is normalized to the number N of atoms and is related to the atomic density through ρ(r) = |ψ(r)| 2 . The solution of
(1) has been recently found by direct numerical integration in the case of both isotropic [7] and anisotropic traps [6] . In the following we will consider systems interacting with repulsive forces (a > 0). When the scattering length (or the number of atoms in the trap) is sufficiently large, the solution of Eq. (1), in the region where µ > V ext (r), takes the simplified Thomas-Fermi form
Equation (2) is obtained by neglecting the kinetic energy term ∇ 2 ψ(r) in the Schrödinger-like equation (1) and provides an accurate description of the exact solution in the interior of the atomic cloud where the gradients of the wave function are small, as shown in Fig. 1 .
Near the boundary region, where V ext (r) ∼ µ, the kinetic energy term in Eq. 1 can not be longer ignored and the Thomas-Fermi approximation (2) 
using Eq. (2), one finds a logarithmic divergency [5] which reveals that the boundary region must be investigated with higher accuracy. In the following we will explore the correct behavior of the order parameter in this region starting from the Gross-Pitaevskii equation (1) . With respect to similar procedures used in the study of the single-particle Schrödinger equation in the presence of an external field [9] , the present method includes explicitly the interatomic forces which are responsible for crucial non linear effects in the equations of motion.
Let us consider for simplicity a spherical trap [8] and let R be the boundary of the system, determined by the equation µ = V ext (R). Near this point one can carry out the expansion
where F is the modulus of the attractive external force F = −∇V ext evaluated at r = R.
Close to the boundary, where |r − R| ≪ R, the Gross-Pitaevskii equation takes the form
Let us now introduce the dimensionless variable
where
is a typical thickness of the boundary giving, as we will see later, the distance from the classical radius R where the Thomas-Fermi approximation starts failing. Then we introduce the adimensional function φ defined by
In terms of φ the Gross-Pitaevskii equation (5) takes the universal form
Notice that the non linear term φ 3 arises from the internal potential energy in the GrossPitaevskii Eq. (1). When ξ → +∞ this term can be neglected and Eq. (9) takes the simpler form φ ′′ − ξφ = 0 which is the equation defining the Airy function. The asymptotic behavior has then the form
where the constant A must be determined by numerical integration of Eq. (9). In the opposite limit ξ → −∞ one can neglect the second derivative φ ′′ and the asymptotic behavior is given
The full behavior of the function φ is shown in Fig. 2 . The value of the constant A is found to be 0.397.
The solution of Eq. (9) provides, via Eqs. (6) (7) (8) , the proper structure of the wave function of the condensate near the classical turning point R. It is worth noting that Eq. (9) does not depend on the form of the external potential nor on the size of the interatomic force.
These physical parameters enter the transformations (6) and (8) which fix, together with the solution of (9), the actual behavior of the wave function ψ.
Equations (2) and (8) determine the behavior of the wave function in two distinct regions of space: the former in the interior of the cloud, the latter in the boundary region. For sufficiently large N these two regions are sufficiently extended to match each other. An example is shown in Fig. 1 for N = 10 5 .
A third interesting region is the one at large distances beyond the boundary R where the system is very dilute and one can ignore the interaction term in Eq. (1) . In this region the wave function can be written in the following way [9] ψ(r) = 1 r
The effects of the interatomic interactions enter here only through the value of the chemical potential. It is worth noticing that the case V ext ≡ 0 would correspond to the asymptotic behavior of the order parameter for saturating systems in the absence of confining forces as happens, for example, outside the free surface of superfluid helium [10] . The coefficient of proportionality in (12) has been fixed in order to obtain the proper matching with the solution of Eqs. (8) (9) in the region of r such that R ≫ r − R ≫ d (see Eq. (10)).
Let us apply the formalism discussed above to the simplest case of an isotropic harmonic trap:
For r < R, the Thomas-Fermi wave function (2) takes the form
where we have used the expression µ = (1/2)mω 
For distances from the boundary less than d the Thomas-Fermi approximation (14) fails;
vice versa, for distances comparable to the radius R, Eq. (8) becomes inadequate.
Let us apply the above results to the calculation of the kinetic energy of the system. The integral (3) can be naturally divided into two parts:
where the distance ǫ > 0 from the boundary R is chosen in such a way that the conditions (18), with (R − r) = ǫ, are satisfied. This permits to evaluate the first term using the Thomas-Fermi approximation (14), and the second one using the solution (8) holding near the boundary. Clearly the sum of the two terms should not depend on the explicit value of ǫ.
The first integral of Eq. (19) is easily evaluated and becomes
where we have neglected corrections vanishing as ǫ/R.
For the second contribution, arising from the boundary region, we instead find the result
where φ ′ = dφ/dξ. If the ratio ǫ/d = (R − r)/d is sufficiently large (see condition (18)) the integral in the right hand side is easily calculated and takes the value
with
In Eq. (23) we have ignored corrections vanishing as d/ǫ. Collecting the above results and using the explicit expression (16) for the boundary thickness d in terms of the oscillator length a HO , one finally finds the following result for the kinetic energy per particle:
where C ′ = (7/4) log 2 − 2 + 3C and we have used expression (15) for N. Equation (24) provides the correct asymptotic behavior of the kinetic energy in the limit of large N where R ≫ a HO . This is confirmed by the comparison with the exact value of the kinetic energy obtained by solving numerically the Gross-Pitaevskii equation (1), as shown in Fig. 3 .
We conclude this paper by discussing an interesting application of the formalism to a Josephson-type effect. The physical idea is to consider a confining potential with two wells separated by a barrier. When the chemical potential in the two traps is different an oscillating flux of atoms is generated. Let us consider the simplest one-dimensional problem (extension to 3D will be the object of a future work) and let the external field V ext consist of two symmetric traps, trap 1 and trap 2, as shown schematically in Fig. 4 . A difference between the chemical potentials µ 1 and µ 2 of the atoms in the two traps can be achieved, for example, by filling them with a different number of atoms. In order to obtain a first analytic result for the flux of atoms generated by the difference in the chemical potentials we will assume that the barrier between the two wells is high enough. In this case the overlap between the wave functions relative to the two traps, occurs only in the classically forbidden region where interaction effects can be ignored and one can safely use approximation (12) for the wave function. Furthermore we will ignore the variation of µ 1 and µ 2 generated by the corresponding flux of particles. In 1D the factor 1/r in the wave function (12) is absent and it is convenient to take the origin of axes at the symmetry point of the external potential (see Fig. 4 ).
The Gross-Pitaevskii equation has two natural solutions in this case. The first one with chemical potential µ 1 , is localized in the trap 1. Its behavior in the classically forbidden region x > −L 1 is given by
where X 1 is the distance between the center of trap 1 and the classical turning point, d 1
is its boundary thickness [see Eq. (7)] and L 1 is the distance between the classical turning point and the symmetry point of the external potential (see Fig. 4 ).
The second solution with chemical potential µ 2 , is instead localized in the trap 2 and its behavior in the region x < L 2 is given by
It is immediate to verify that the linear combination
is solution of the time dependent Schrödinger equation. In fact the wave functions ψ 1 and ψ 2 significantly overlap only in the classically forbidden region where non linear effects due to the interatomic potential are negligible. The current density
associated with the wave function (27) can be easily calculated and takes the typical Josephson form
. Using the explicit results (25) and (26) for the wave functions ψ 1 and ψ 2 and taking µ 1 ∼ µ 2 = µ and L 1 ∼ L 2 = L in the evaluation of I 0 , we find that the current I 0 is uniform in the interval (−L, +L). Its explicit value is given by the useful
As a consequence of the Josephson current the number of atoms in the two traps will oscillate in time according to the law [11] d dt 
